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1. Introduction. Associator-dependent rings as a class were defined by Klein-
feld [2]. They are rings R which satisfy the following identities.

(1) alx, y, 2)+as(y, z, x)+as(z, x, ¥) +ay(x, z, y) +as(z, ¥, X) +os(y, X, 2)=0
for fixed o, in some field of scalars and x, y, z in R where the associator is defined as
(x, ¥, 2)=(xy)z—x(p2).

2 (x, x, x) = 0.

A linearization of (2) yields (1) with «;=1 for i=1—6. Since (2) alone is not
strong enough to yield a structure theory for R we assume that (2) does not imply
(1).

This class of rings includes, among others, the right and left alternative rings,
Lie-admissible rings, rings of type (y, 8), flexible rings, and antiflexible rings.

Kleinfeld, Kosier, Osborn and Rodabaugh [3] showed that an associator-de-
pendent ring R must satisfy one of the following three identities.

)] a(y, x, x) = (e+ D)(x, y, ) +(x, x, y) = 0,
4 (¥, x, x) = (x,y, %),
%) *x,»,2)+(y, z, x)+(z, x,y) = 0.

We note that any ring satisfying (4) is anti-isomorphic to one satisfying (3)
where «=0. It is our purpose in this paper to show that if R is a prime associator-
dependent ring satisfying (3) and having an idempotent e#0, 1 then when the
characteristic of R is prime to 6, R is alternative unless a=—1,1, —4, —2. It
then follows immediately, from a result of Slater’s [6], that R can be embedded in
a Cayley-Dickson algebra.

An example to show that this result is false when a= —1 can be found in [4].
The residual cases where =1, —4, —2 correspond, respectively, to flexible, left
alternative, and right alternative rings. With the assumption of Lie-admissibility
we have shown in a paper to be published elsewhere that if R is a prime right or
left alternative ring with an idempotent e#0, 1 and characteristic prime to 6 then
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R is associative and a prime, flexible, power-associative ring R with an idempotent
e#0,1 and a Peirce decomposition relative to e with the same restriction on
characteristic is associative.

It is worth noting that an arbitrary primitive ring is prime [5]. Hence, by defining
a suitable radical, the results of this paper could be extended to semisimple rings.

2. Preliminary results. Construction of ideals. Let R be an associator-dependent
ring satisfying (3) where a# — 1, 1, —%, —2. Furthermore, assume that R has an
idempotent e#0, 1. If the characteristic of R is prime to 6 the following results hold
in R [3].

1. R has the Peirce decomposition R=R;; + R+ Ro; + Ry relative to e where
x;; belongs to R;; if and only if ex=ix and xe=jx where i, j=0, 1. Moreover, the
sum of the submodules R;; is direct.

2. The following relations hold for products of elements from R when «#0.

© RijRy, < 8;xR;, where i, j, k, p = 0, 1 and §;, is the Kronecker delta, except

R% < Rj, x; =0Owherei=0,landj=1-i.
When «=0 all of the above relations hold except
@) RyRi; < Rij+ Ry;, RijRy; = Ry; and (xypy;—yi;xy) is in R,

3. When a=0, K=R,oR;;+ Ro1 Ry, is a trivial ideal of R.

4. The following relations exist for associators of R when «#0. When «=0, the
same relations hold so long as R has no trivial ideals. Let o be an arbitrary permu-
tation of the arguments in an associator. Then when i#j,

(oxy, opijs 025) = 0,
(oxy, 0yy5, 025) = 0,
® (oxy, 0y, 02;5) = 0,
(ox3, 0yy5, 02;5) = 0,
(oxy, oy, 02;5) = 0,
(ox, oy, oz)=sgn o(x, y, z) for x, y, z in R unless each of x, y, z has a nonzero

component in the same R; submodule.
We now prove

LeEMMA 1. Let R satisfv (2) and (3) where o.=0. Then if R is a prime ring elements
from R satisfy (6) and (8).

Proof. Since R is prime it can contain no trivial ideals. Hence K=0. But then
from (7), x;;y;; belongs to R;; and (6) and (8) follow.

For the remainder of this paper we assume that R is a prime ring. Clearly, from
(8), R is alternative if and ohly if R;; and Ry, are alternative. We will prove that, in
fact, these subrings must be associative.
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It is immediate from (8) that the following identities hold for all x, y, z in R
except when x, y, z all have nonzero components in the same R; submodule.

(xy+yx)z = x(yz) +y(xz),
) z(xy+yx) = (zx)y+(zy)x,
(@x)y+(yx)z = z(xy)+ y(xz).

The Teichmiiller identity, true for an arbitrary ring R, will be of use to us. We
state it below.

(10) 0 = F(x, y, z, w) = (xy, z, w)—(x, yz, W) +(x, y, zw) = x(y, z, w) — (X, , Z)W.

The next two lemmas have been proven for alternative rings [1]. We will show
that they are still true under our more general hypotheses.

LemMA 2. If B, is an ideal of Ry, then D;=B;+ R;;B;+ BiR;;+ (R;;B)R;; is an
ideal of R, where i=0, 1 and j=1—i.

Proof. First, R,;D,< R;;B;+ R;(B;R;;) from (6). However, R;B,< B; and, from
(8), Ri(B;R;;)=(RyB)R;;< B;R;;. Hence, R;D;< D;. Similarly, D;R;;< D,.

Next, R;D;< R;B;i+ Ry(R;B)+ R;i(BiR;;) from (6). But, R;(B;Ry))<(R;B)R;;
from (8). Also, from (9), R;(R;B;)<(R%)B;+(BiR;;)R;i+ By(R}). Since (R})B;
=(B,R;;)R;; =0, by (6), we conclude that R;,(R;;B;) < B{(R%) < B;R;;. Thus, R;;D;< D;.
A similar argument shows that D;R;;< D,.

Now, Ry;D;<R(R;;:B)+ Rif(BR;;)+ R;;[(R;;B)R;;] from (6). But, R(R;B)
S(Ri;R;)B;= B; from (8). Since Ry(BiR:;)<(R;B)R;;+ (szf)Bl + Ri(R;;B;), from
(9), and (Ry;B)R;;=R;(R;;B)=0, from (6), we have Rii(BiRif)g(Rizl)Big R;B,.
Finally, by (9), R,[(R;B)R;; 1< [Ri(R;:B)]R;+ (RE)(R;:B;) + Ry[R(R;B;)]. How-
ever, R;[Ri;(R;;B;)]=0 and [R(R;B)]R;; < [(Ri;R;)B]R;;< B;R;; from (6) and ().
Furthermore, R%(R;;B)) < R;i(R;;B;) < D, from (6) and the fact that we have already
shown that R;D;= D;,. Hence, R;;D;=D;. A similar argument shows that
D;R;;< D,.

Finally, we consider R;;D;< R;i(R;B;)+ R;;[(R;B)R;;] from (6). However,
R;;(R;iB) < (R;;R;)B; < D; and R,;[(R;B))R;]<[(R;;R;)B]R;;< D, from (8). Thus,
R;;D,< D,. Similarly, D;R;;< D;.

We conclude that RD; and D;R are contained in D; and that D; is an ideal of R.

LEMMA 3. I_f R%ORIO =R%1R01 = RloRgo = ROlel =0, then H= R%O + R%l iS an
ideal of R.

Proof. First, consider RZR< R% R+ R%R;+ RER;+ R%R;;. Now, RZR;;=0 by
hypothesis. Also, RZR;;=0 and RZR;; < R? from (6). Since

R%ZRi; < Rij(RijRy)+ Rij(RiR;;) + (R Ry) R,

from (9), and Ry(R;;R;)=(Ri;R;)R;,=0 by (8), we conclude that R%R; < R7.
Therefore HR< H. A similar argument yields RH<S H. Thus H is an ideal of R.
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We now proceed with other lemmas preliminary to our main result.

LEMMA 4. L=RR; is an ideal in Ry in the nucleus of Ry where i=0,1 and
j=1—i.

Proof. It is clear from (6) and (8) that L is an ideal of R;;. We will show that L
is in the left nucleus of R and note that a similar argument places L in the middle
and right nuclei of R.

Let Xi; € jo, Y € Rﬂ and Zyy, Wy € R“. Then

(xis Y00 205 W) = [(xp3)zulwis — (X3 ) (zuwy) = 0
by repeated applications of (8). Hence, L is in the left nucleus of R;;.
LEMMA 5. R%R; and R,;R}, are ideals in the center of R; when i=0, 1 and j=1—i.

Proof. It is immediate from Lemma 4 that R R, and R,;R% are in the nucleus
of Ry Also, (RiR;)R,;< Ri(RyRy)<S R} R, and Ry(R;RY)S(RyRij)RY < R,R
from (6) and (8). Thus, R}R; is a right ideal and R,R? a left ideal, respectively,
of R;;. Therefore, to prove that they are both ideals in the center of R;;, it suffices
to show that they commute with each element in R,,.

Before proceeding, we recall from (6) that x%=0 for i#j. Replacing x;, by
Xi;+yi; we obtain
09)) Xy i+ yuxi; = 0.

Now, let x;;, yj;, z;; belong to R; and w;; to R;;. Then
[(xayi)zulwi = (xX;y:)(Z5wi)
from (8). But,
(Y ) (zwi) + [ x:4EZwid)lys = x5 [Vilzaw)]+ xal(z5wi)ys] = 0
from (9) and (11). Hence,
Cenyi)zawn) = —[Xu(Z;wi)lys = X 2 WV = — Wus Z3ss XV

from (6) and (8), and so,
(12) [(xaym)zudwa = — (Wi 251, X5)p 5.

However, from (10), we have

0 = F(Wu, zju, X1, ¥it) = WuZsi, X33, Vi) — Wiy Z3iX515 V53)

+ Wi, 3ty XjiV3i) = WalZsi, Xjis Vi) — Wass Zjis X30)P e

Whence, from (6) and (8), we get
13) wil(Zji, Xg1 V1) = — Wiio Zss X5)P500

Combining (12) and (13), we obtain,

[((cymzalwy = Wiz, Xi, Y1) = wu(Xsi, Vit 25) = wul (X5 ¥5)25]
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from (6) and (8). We conclude that elements from R%R; commute with elements
from R;. A similar proof shows that elements from R;R} also commute with
elements from R;;.

The next two lemmas deal with arbitrary prime rings.

LEMMA 6. Let R be a nonassociative prime ring. Then R can contain no nuclear
ideals.

Proof. Let B be an ideal in the nucleus of R. Let b belong to B and x, y, z to R.
From (10) we obtain
0 = F(b, x,y,2) = (bx, y, z)— (b, xy, z)+ (b, x, yz)—b(x, y, z)— (b, x, y)z
= —b(x, y, 2).
Further, b[(x, y, z)w]=[b(x, y, z)]w=0 where w belongs to R. Hence,
B(R, R, R) = B[(R, R, R)R] = 0.
However, finite sums of elements of the form (R, R, R) and (R, R, R)R form an

ideal in an arbitrary ring. Since R is prime, B must be zero unless R is associative.

LeEMMA 7. Let R be an arbitrary prime ring. Then the set of annihilators of a non-
zero element in the center of R is zero.

Proof. Let ¢#0 belong to the center of R and suppose x belongs to R and
xc=cx=0. Then c¢(xR)=(xc)R=0 and c(Rx)=(Rx)c=R(xc)=0. Therefore the
annihilator of ¢ is an ideal of R, call it B. It is clear that B annihilates the ideal
generated by c. Sinc ¢ is assumed nonzero, we conclude that B=0.

3. Main section. The next lemma is crucial to the proof of our main resuit.
LEmMMA 8. Let C,; and B; be ideals in R;; such that B,C;= C;B;=0. Then

D; = B+ R;;B;+ BiR;+ (R;;B)R;;
and
F; = Ci+ R;;Ci+ CR;;+ (R;;C))Ry;

are ideals of R and D;F;=F;D;=0.

Proof. From Lemma 4, F; and D; are ideals of R. We have left to show that they
annihilate one another. First, from (6) we have D,C;< B,C;+(R;B;)C;. However,
B,C;=0 by hypothesis and (R;;B;)C;< R;i(B;C;)=0 from (8). A similar argument
applies to C;D;, F;B;, and B;F; and we can conclude that

(14) DiCi = CiDi = F,;Bi = BiFi = 0.
Next, Dy(R;C)<(R;B)(R;;C))+(BR,)(R:C))+ [(R;:B)R,)(R;C;) from (6).
From (9), (R;B)(R;C))< R;[B{(R;;C))]+ B,[Rx(R;;C)]+ (B:R;)(R;;:C;). However,

(BiR;;)(R;;C))= R;;[B(R;;C})]=0 from (6) and B;[R;(R;C;)]=0 from (14). Hence,
(R;iB)(R;;C))=0. Finally, (B;R;,)(R;;C}))< Bi[Ri)(R;;C})]=0 and [(R;B)R;;l(R;C)
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S{[(R;;B)R;;]R;;}C;=0 from (8) and (14). A similar argument applies to Fy(R;;B;)
and we have,

(15) Dy(R;C;) = F(R;B) = 0.
Now, (R;C;))D;=(R;;C)(B;R;;) from (6), (14) and (15). But,
(RiC)(BiR:)) < R;i[Ci(BRj)] =0
from (8) and (15). Hence, as a similar argument applies to (R;;B;)F;, we obtain
(16) (RyC)D; = (RyB)F; = 0.
Next, D,(CiR;;) S (B;R;)(CiR;;) from (6), (14) and (15). However,
(BiRi;))(CiRyy) = Bi[Ri(CiR:))]+ Ri;[B(C.R,)]+ (R;B)(CiR))

from (9). Since (R;;B)(CiR;;)=0 from (6) and B,[R;(C.R;j)]=R;[Bi(CiR;))]=0
from (14), we conclude that (BR;,)(C;R;;})=0. A similar argument applies to
F(B;R;;). Hence

a1mn D(CiR;)) = F(B;R;)) = 0.
We have (C;R;) D; < (CR;))[(R;;B)R;;] from (14), (15) and (17). However,
(CRY)I(R;iBIR;;] = CLR,;[(RyB)R,1} = 0
from (8) and (14). A similar argument applies for (B;R;,)F; and we obtain
(18) (CiRy) D; = (B,Ri))F; = 0.

Finally, we consider [(R;;C;)R;;]1D; and D;[(R;;C;)R;;]. From (14)-(18) it is clear
that we need only consider [(R;;C;))R;;1[(R;;B))R;;]. But,

[(RiCIR,I(R:BIR,;] = (RiCHR,;[(RyB)R;]} = 0
from (8) and (17). Hence,

[(RﬂCi)Rif]Di = Di[(RjiC{)Rij] = 0.
Similarly,
[(RjiBi)RU]Fi = Fi[(RjiBi)Rij] = 0.

We conclude that D,F,=F,D;=0.

COROLLARY. If R is a prime ring then the subrings Ry, where i=0, 1 are also
prime rings.

Proof. Let C; and B; be ideals of R;; such that C;B;=B,C;=0. Then D, and F,,
constructed as in Lemma 2, are ideals of R such that D,F,=F,D,;=0. Since R is
prime we conclude that either D; or F; is zero. Hence, either B; or C; is zero and
R;; is a prime ring.

We now proceed to analyze the R;; spaces. Our attention is directed toward the
four subspaces R;;RZ and RZR;; where i=0, 1 and j=1—i.
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FlI‘St, Suppose R%ORIO = R%lROI = RIOR%O = R01 Rgl = 0. Then from Lemma 3
H=R%,+ R%, is an ideal of R.

LEMMA9. Let R;R%=R%R,;;=0wherei=0, 1 andj=1—1i. Then H= R%,+ R}, =0.
Proof. We have RZR% =0 for i#/j from (6) and the hypothesis. Also,
R%RY = Ry(Ri;R%)+ Ri(RR,) + (R, RE)R;

from (9). Since all elements on the right of this inclusion relation vanish, R%;RZ=0.
Thus, H is a trivial ideal of R. Since R is a prime ring, it follows that H=0.

LeMMA 10. Let H= R%o + Rgl =0. Then B= RIOROI + RlO + R01 + R01R10 is an
ideal in the nucleus of R.

Proof. From (6) and (8) it is evident that B is an ideal of R.

Recall, from (8), that all associators containing at least one argument from
R, where i#j, alternate. Thus, to prove that R;; is in the nucleus of R, it suffices
to show that R;; is in the left nucleus of R.

To this end, consider associators of the form (R;;, Ryp, Rnn) Where k, p, m, n
=0, 1. From (8), it is evident that unless two of the arguments are from the R;; or
the R, space the associator vanishes. But, (R, Rij, Rna)=(Ryj, Rji, R;;)=0 re-
gardless of the value m assumes, from (6) and the fact that H=0. Hence, R;; is
in the nucleus of R.

From Lemma 4, R;;R;;, where i=0, 1 and j=1—i, is in the nucleus of R;.
Since R;;, R;; are in the nucleus of R and associators of the form (¢Ry;, oR;;, oR;;)=0
from (8), where o is an arbitrary permutation of the three arguments, it follows
that Ry,R;; is in the nucleus of R.

CoROLLARY. B=0 if R is not associative.
Proof. Immediate from Lemmas 6 and 10.
LemMA 11. If RER,;= R;R%=0 for i=0, 1 and j=1—1i then R is associative.

Proof. From Lemma 10, Corollary, we obtain R=R;,;+ Ry,. Since R,; and
Ry, are orthogonal subrings of R we conclude that they are, in fact, orthogonal
ideals of R. Since e#0 belongs to R,;, we get Ryo=0. But then R=R,;; and e
becomes the identity for R, contrary to hypothesis. Hence, R must be associative.

It follows that, unless R is associative, at least one of the subspaces R%,R,,,
R3,Ro1, RioR%0, Ro1R3; must not vanish. We will show that, under this condition,
both R;; and R,, must be associative and R must be alternative.

Assume, without loss of generality, that Ry; R, #0. From Lemma 5, R, R, is a
nonzero ideal in the center of Ryo. Hence, from Lemma 6, Ry, must be associative.

Recall, from Lemma 4, that R,oRo; is an ideal in the nucleus of R,;. Unless R;;
is also associative, R;oRo; =0. Under the assumption that R;yRy;, =0, we examine
elements of the form x,, y;, belonging to Ry, R,,. From (8), we have

(%01710)? = [(X01¥10)%011¥10, and  (Xo1, Y105 X01) = O.
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Expanding this associator, we obtain (Xo;1Y10)X01 —Xo1(V10X01). However,
X01(¥10X01) =0, and we obtain

(X01Y10)%01 = 0 = (X0110)%

In particular, [x0;(¥01201)12=0 for x¢1, o1, Zo1.in Ro;. From Lemmas 5 and 7, it
follows that x;,(¥01201) =0 and so, Ry, R%, =0. This is contrary to our assumption.
The contradiction arises from the assumption that R;oRo; =0. Thus, R;oR,; #0
and, hence, R;; must be associative.

We have proven

THEOREM. Let R be a prime associator-dependent ring satisfying (3) where
a# —1,1, —4, —2 and the characteristic of R is prime to 6. If R has an idempotent
e#0, 1 then R is alternative.
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